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Abst ractwWe construct two finite-difference models for the Coulomb differential equation which 
arises in the quantum mechanics analysis of the scattering of two charged point particles. These 
difference quations correspond to the standard and Mickens-Ramadhani schemes for the Coulomb 
equation. Our major goal is to determine the first two terms in the asymptotic solutions and compare 
them to the corresponding solutions of the Coulomb differential equation. In particular, the form of 
the anomalous phase term is examined. ~) 1998 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The Coulomb interaction between charged point particles is one of the most fundamental forces 
occurring in nonrelativistic classical [1] and quantum [2] physics. It is also one of the few potentials 
for which exact solutions exist. Another eason for its importance is that the Coulomb interaction 
provides a rather accurate model for the scattering of various charged systems at low total 
energies. We take the normalized Coulomb differential equation to have the form 
d2Y +[ l+a  + j3] 
dx '''~ x ~ y = 0, (1) 
where a and f~ are assumed to be known constants. The purpose of this paper is to investigate 
the asymptotic properties of solutions to two discrete models for equation (1). They correspond, 
respectively, to the standard finite difference scheme [3] 
ym+l -2ym+ym- l [S l~]  
h2 + l+--m +~-~ Ym=0,  (2) 
and the nonstandard scheme of Mickens and Ramadhani [4,5] 
Ym+l - 2ym + Ym-1 
(4/fro) sin2(hv~m/2) + fmYm = 0. (3) 
In these equations, the following notation is used: 
Xm = (At)m = hm, (4a) 
Ym ~- y(xm), (4b) 
a = = --h2' (4c)  
fm = 1 + -~ + --~o. (4d) 
m m ~ 
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Aside from issues of a purely mathematical nature, these two schemes are of interest for their 
possible use in the numerical integration of equation (1). It should be noted that the analytic 
solutions to the Coulomb equation are related to the so-called Whittaker functions [6]. 
Section 2 gives the form of the asymptotic solutions to equation (1) and examines certain of their 
properties. The most important such property, for our purposes, is the behavior of the extra or 
anomalous phase function in the asymptotic representation. I  Section 3, the background material 
necessary to calculate the asymptotic solutions to equations (2) and (3) is given. Finally, in 
Section 4, we discuss the obtained results and compare the phases as calculated for the differential 
and difference quations. Extensions of the work of this paper are also suggested. 
2. COULOMB DIFFERENTIAL EQUATION 
Consider the linear, second-order differential equation 
d2y 
+ f(z)y = 0, (5) 
dx 2 
where f(x) has the asymptotic representation 
oo  
fi x) ~ 1 + ~ c~ (6) Xn" 
Standard, well-known techniques exist to calculate the asymptotic solutions to equation (5). An 
excellent introduction to these procedures is the book by Murray [7]. The general form taken by 
these representations is 
y(z )  ~ e~Xz" 1 + , (7) 
where the parameters (A, a, an) are to be expressed as functions of the c~. For the particular 
case of the Coulomb equation, we have 
and consequentIB 
fix ) = 1+ c~ + ~ (8) 
X 2 ' 
cl=c~, c2=~, cn=0, forn;2_3. (9) 
The corresponding values for (A, ~, Oil) are 
A = i, <z = ~-, (10a) 
o11 =-  (~)+~(  ~2-4~)~ , (10b) 
where i = ~/'Zi. The expressions for the c~n for n ~ 2 rapidly become algebraically complicated. 
For example, a2 is 
[ - ] ( a ) [2(1_t_ 2/3,) _ ~2 ]-a  4+(20+8~)¢~ 2 16~(~+2) + i  i'6 o~2 = 128 (11) 
However, for the purposes of this paper, only o~ 1 will be required. 
It should be indicated that since the Coulomb differential equation is a linear, second-order dif- 
ferential equation having real coefficients, then a second linearly independent solution is obtained 
by the complex conjugation of the expression given by equation (7). 
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Substituting the results of equations (10a) and (10b) into equation (7) gives 
y(x)=e,=x( ,a /2){ l+[_ (4)+i (a2-4 /31]  lx+O(xl__~)}. 
The second factor can be rewritten as 
(12) 
X(ia/2) = e(ia/2) In x. (13) 
The function (is In x/2) is the anomalous phase. Its presence reflects the long-range nature of 
the Coulomb interaction [2]. This factor causes ome difficulty in separating out the nuclear 
short-range interaction for the scattering of charged elementary particles. Of related interest, 
within the context of this paper, is the question of whether the discrete models of equations (2) 
and (3) give the correct anomalous phase? The answer to this is of some importance for the 
numerical integration ofthe Coulomb equation using these schemes. 
3. DISCRETE COULOMB EQUATIONS 
The difference quations (2) and (3) can be rewritten, respectively, as 
Ym+l + Ym-l = 2 [1- (h---~) fm] Ym, (14) 
(15) 
where f,n is given by equation (4d). Mickens and Ramadhani [4,5] have shown that the asymptotic 
solutions to equations (14) and (15) take the form 
Ym'~'mOeB°m l+n=i ra  j ' (i6) 
where the parameters 0 and B, are expressible interms of the cm, m = 1, 2, 3, .... of equation (6). 
Let us obtain the values of these parameters for the difference scheme of equation (15). We first 
expand the cas (hv~ term in a series of inverse powers of m. A simple and direct calculation 
gives 
Substituting equations (16) and (17) into equation (15), setting the coefficients of each linearly 
independent term equal to zero, solving for (0, B0, B1), gives the following expressions: 
Bo = ih, 0 = -~, (18a) 
Using x,n = hm, the two-term representation f the asymptotic solution to equation (15) is 
ym= x~a/2)e"" {1+ [ - (4 )heot (h )+ i  ( a2 8 4/~)] ~-~m +O (~2m) }. (19) 
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For the standard finite difference scheme of equation (14), more effort is required to calculate 
(0, Bo, B1). First, we have 
1 
1 - ( -~)  f rn= (1 - - -~) - ( -~) ,~ (.~) 1 - ~-~. (20) 
Now, define (Ao, At, A2) as follows: 
Ao = 1 - -~-, A1 = - , As = - . (21) 
The parameters (Bo,0,B1) can be written in terms of (Ao, A1,A2) and are given by the expres- 
sions [5] 
A1 0 __--:_ m 
smh(Bo)' 
A9 ] 0(0 - 1) coth(Bo) 
B1 =-  si~-(-Bo) + 2 
Substitution of Ao in equation (22a) gives, for 0 < h < 2, the result 
Bo = In 1 - + ih 
which can be rewritten to read 
BO ---- i¢ = {tan -1 [ 
1 h2/2 
Likewise, using A1 from equation (21) and Bo from equation (24) in equation (22b) gives 









L J J 
Putting all of these results in equation (16) gives a two-term representation f the asymptotic 
solution to equation (14): 
1,  smO, 
(27) 
+ i \ 8 s in  2 ¢ ) .z-':" ~'~ " 
For purposes of later comparison with the finite difference schemes, we give the discrete version 
of the asymptotic solution to the Coulomb differential equation, From equations (12) and (13), 
we have 
{ [(4)1+ +i( a2-4'0')] 1 +0(1)}  (28) 
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4. DISCUSSION 
We begin with a comparison between the two-term asymptotic expansions for the discrete 
solution to the Coulomb differential equation, equation (28), and the solution to the Mickeus- 
Bamadhani (MR) scheme for equation (15). Observe that the MR solution, equation (19), has 
exactly the same total phase as the discrete solution to the Coulomb differential equation. (The 
total phase consists of two parts, namely, the normal phase term izm and the anomalous phase 
iolinzm/2.) Also, note that the coefficient of the x~ 1 term in equation (19) differs from the 
s~milar exact coefficient in equation (28) by terms of order h 2. In more detail, we have 
-(4) hc°t(h)+i(a284~) =-(4) +i(a284~) +O(h2)" (29) 
For the standard finite difference scheme of equation (14), the normal and anomalous phases 
differ from the corresponding exact phases by terms of order h 2, i.e., 
(30) 
where ¢ is given by equation (24). A similar result holds for the coefficient of the x~n I term in 
equation (27). A direct calculation gives 
(h2 cot¢~ (a2h3cot¢-413hsin¢~ 
(31) 
The above comments clearly indicate that the Mickeus-Ramadhani scheme provides a more 
accurate representation f the asymptotic solution to the Coulomb equation than does the stan- 
dard finite difference scheme. This conclusion is consistent with the general view that this scheme 
(MR) is superior to all second-order schemes for the time-independent Schr~dinger quation that 
have been studied to date [4,5]. Of importance is the fact that the Mickens-Ramadhani scheme 
has the same phase as the corresponding Coulomb differential equation asymptotic solution. 
The next step in this investigation is to extend the calculations of this paper to other finite 
difference schemes that have been used to numerically integrate the Schr6dinger time-independent 
differential equation. Particular examples include the Numerov method, the Numerov method 
maximally adapted to the Schr~dinger quation [8], exponential nd Bessel fitting methods [9], 
and the combined Numerov-Mickens scheme [10]. Of interest are what values are obtained for 
the total phase and the coefficient of the x~ 1 term in the asymptotic solutions. 
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